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Abstract. Orthogonal g-polynomials associated with q-Lagucrre-Hahn form will be studied 
as a generalization of the g-semiclassical forms via a suitable g-diffcrence equation. The 
concept of class and a criterion to determinate it will be given. The q-Riccati equation 
satisfied by the corresponding formal Stieltjes series is obtained. Also, the structure relation 
is established. Some illustrative examples are highlighted. 
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1 Introduction and preliminary results 

The concept of the usual Laguerre-Hahn polynomials were extensively studied by several authors 
[H m m [6l [HI [9l dni ns] . They constitute a very remarkable family of orthogonal polyno- 
mials taking consideration of most of the monic orthogonal polynomials sequences (MOPS) 
found in literature. In particular, semiclassical orthogonal polynomials are Laguerre-Hahn 
MOPS [15^ I20j . The Laguerre-Hahn set of form (linear functional) is invariant under the 
standard perturbations of forms [21 [9l [T8l I20j . It is well known that a usual Laguerre-Hahn 
polynomial satisfies a fourth order differential equation with polynomials coefficients but the 
converse remains not proved until now [20]. Discrete Laguerre-Hahn polynomials were studied 
in [13]. These families are already extensions of discrete semiclassical polynomials [19]. In liter- 
ature, analysis and characterization of the g-Laguerre-Hahn orthogonal g-polynomials have not 
been yet presented in a unified way. However, several authors have studied the fourth order 
g-difference equation related to some examples of g-Laguerre-Hahn orthogonal g-polynomials 
such as the co-recursive and the rth associated of q-classical polynomials |1H I12j. More gener- 
ally, the fourth order difference equation of Laguerre-Hahn orthogonal on special non-uniform 
lattices polynomials was established in [1]. For other relevant works in the domain of orthogonal 
g-polynomials and g-difference equation theory see [31 [21] and [5]. 

So the aim of this contribution is to establish a basic theory of g-Laguerre-Hahn orthogonal q- 
polynomials. We give some characterization theorems for this case such as the structure relation 
and the g-Riccati equation. We extend the concept of the class of the usual Laguerre-Hahn 
forms to the g-Laguerre-Hahn case. Moreover, we show that some standard transformation and 
perturbation carried out on the g-Laguerre-Hahn forms lead to new q-Laguerre-Hahn forms; 
the class of the resulting forms is analyzed and some examples are treated. 

*This paper is a contribution to the Proceedings of the Conference "Symmetries and Integrability of 
Difference Equations (SIDE-9)" (June 14-18, 2010, Varna, Bulgaria). The full collection is available at 
[iittp://www.emis.de/journals/SIGMA/SIDE-9.html| 



2 



A. Ghressi, L. Kheriji and M.I. Tounsi 



We denote by V the vector space of the polynomials with coefficients in C and by V' its 
dual space whose elements are forms. The action of n € "P' on / € "P is denoted as (n, /). In 
particular, we denote by {u)n ■= {u, x") , n > the moments of u. A linear operator T : V — > V 
has a transpose -.V' — > V defined by 

CTuJ) = {u,Tf), ugV, feV. 

For instance, for any form u, any polynomial g and any (o, c) G (C \ {0}) x C, we let HqU, gu, 
haU, Du, (x — c)~^u and 5c, be the forms defined as usually j20] and [16] for the results related 
to the operator Hg 

(Hquj) := -{u,Hgf), {gu,f):={u,gf), {haU, f) := {u,haf), 
{Dn, f) := -{u, /'), {{x - c)-\ f) := (n, 6 J), {6^, f) := /(c), 

where for all f £ V and q e C := {z e C, z / 0, / 1, n > l} [l6] 

[q — l)x X — c 

In particular, this yields to 

{Hgu)n = -[n]g{u)n-i, n > 0, 

where {u)-i = and [n]g := ^g~l , n> [15]. It is obvious that when q ^ 1, we meet again the 
derivative D. 

For f GV and u G V' , the product uf is the polynomial [20] 



n I n 



i=0 \j=i 
n 

where f{x) = ^ /iX*. This allows us to define the Cauchy's product of two forms: 

i=0 

{uvj):={u,vf), feV. 

The product defined as before is commutative |20j . Particularly, the inverse of u if there 
exists is defined by uu~^ = Sq. 

The Stieltjes formal series of u V is defined by 

{u)n 



n>0 

A form u is said to be regular whenever there is a sequence of monic polynomials {Pn}n>o, 
deg Pn = n, n > such that {u,PnPm) = fn^n,m with r„ 7^ for any n, m > 0. In this case, 
{-fn}n>o is called a monic orthogonal polynomials sequence MOPS and it is characterized by 
the following three-term recurrence relation (Favard's theorem) 

Po{x) = l, Pi(x) = x-/3o, 

Pn+2{x) = (x - /3„+i)P„+i(x) - 7„+iP„(x), n > 0, (1.1) 
where /3„ = e C 7n+i = ^ € C \ {0}, n > 0. 
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The shifted MOPS {P„ := cl "(/ia-fn)}n>o is then orthogonal with respect to u = h^-iu and 
satisfies with [20] 

'q ^ 7n+l ^ n 

Pn = , 7n+l = 5-, n > 0. 

Moreover, the form u is said to be normalized if (ti)o = 1. In this paper, we suppose that any 
form will be normalized. 

The form u is said to be positive definite if and only if /3„ E M and 7n+i > for all n > 0. 
When u is regular, {Pn}n>o is a symmetrical MOPS if and only if /3„ = 0, n > or equivalently 
(n)2„+i = 0, n > 0. 

Given a regular form u and the corresponding MOPS {Pn}n>o-, we define the associated 
sequence of the first kind {-fn^^}„>o of {-fn}n>o by [201 equations (2.8) and (2.9)] 

= Pn+i(x)-Pn+i(g) ^ ^ (neo^„+i)(^), n > 0. 



The following well known results (see |16[ I17[ [20]) will be needed in the sequel. 
Lemma 1. Let u G V . u is regular if and only if An{u) ^ 0, n>0 where 

A„(n) := det ((n)^+^)J^^^^Q, n>0 
are the Hankel determinants. 

Lemma 2. For f,g^V, u,v G V' , (a, 6, c) € C \ {0} x £? , and n> 1, we have 

{x — c)((x — c)~^u) = u, {x — c)~^{{x — c)u) = u — {u)o6c, (1-2) 

n 

{u9Qf){x) = anx"'~^{u)Q + lower order terms, /(x) = Ofcx'^, (1.3) 

fc=o 

uOoifg) = giuOof) + {fu)e^g, (1.4) 

ueo{fPk+i) = fPi}\ A: + 1 > deg/, (1.5) 

eb-ec = {h- 0)9^ o e„ 9^09^ = 9,0 9^, (1.6) 

ha{gu) = {ha-ig){hau), ha{uv) = {hau){hav), ha{x~^u) = ax~^haU, (1.7) 

hy-i o Hg = Hg-i, Hq o hg-i = q~^Hg-i, in V, (1.8) 

hg-i o Hq = q~^Hg-i, Hq o hq-i = Hq^i, in V' , (1.9) 

Hq{fg){x) = {hqf){x){Hqg){x) + g{x){Hqf){x) , (1.10) 

Hq{gu) = {hq^ig)HqU + q~^{Hq-ig)u, (1.11) 

Hq-i{u9of){x) = q{Hqu)9o{hq^^f){x) + {u9oHq-^f){x), (1.12) 

S{fu){z) = f{z)S{u){z) + {u9of){z), (1.13) 

S{uv){z) = -zS{u){z)S{v){z), (1.14) 

S{x~''u){z) = z-"S(n)(z), S{u~'^){z) = z~\S{u){z)y\ (1.15) 

SiHqu)iz) = q~\Hq-. iS{u)))iz), ihq-.Siu)){z) = qS{hqu){z). (1.16) 

Definition 1. A form u is called g-Laguerre-Hahn when it is regular and satisfies the q- 
difference equation 

Hq{^u) + ^u + B{x-^u{hqu)) = 0, (1.17) 



where ^, ^ , B are polynomials, with $ monic. The corresponding orthogonal sequence {Pn}n>o 
is called g-Laguerre-Hahn MOPS. 
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Remark 1. When B = and the form u is regular then u is g-semiclassical [17]. When u is 
regular and not g-semiclassical then u is called a strict (^-Laguerre-Hahn form. 

Lemma 3. Let u be a regular form. If u is a strict q-Laguerre-Hahn form satisfying (jl.l7p and 
there exist two polynomials A and $7 such that 

Au + n{x-^u{hgu)) =0 (1.18) 

then A = Q = 0. 

Proof. The operation A x pTTTl) - B x pTTH]) gives 

nHgi^u) + {Q'if - AB)u = 0. 
According to (jl.9p and (jl.lip . the above equation becomes 

Hq{{hq9)^u) + (O^ - - AB)u = 0. 

Then A = $7 = because the form u is regular and not (7-semiclassical. ■ 

Lemma 4. Consider the sequence {Pn}n>o obtained by shifting P^, i.e. Pn{x) = a~"Pn{ax), 
n > 0, a 0. When u satisfies (jl.lTp . then u = h^-iu fulfills the q-difference equation 

Hq{$u) + + B{x^^u{hqu)) = 0, 

where $(x) = a-^^g*$(a2;), $(x) = ai-'i°s*^(ax), B{x) = a-'^°s*5(ax). 
Proof. With u = hgU, we have 'fu = '^{hgu) = ha[{ha^)u) from (jl.7p . Further, 
= i7,($(/i,n)) = = a~^ha[Hq{{ha^)u)) 

from ([TT]) and (fLQl) . 

Moreover, by virtue of (|1.7p an other time we get 

B{x~^u{hqU)) = B{x~^{haU){haqU)) = B {x~^ haiukqu)) = a~^ha{{haB){x~^u{hqU))) . 

Equation (|1.17p becomes 

ha{Hq{^{ax)u) + a^{ax)u + B{ax){x~^u{hqu))) =0. 
Hence the desired result. ■ 

2 Class of a g-Laguerre— Hahn form 

It is obvious that a g-Laguerre-Hahn form satisfies an infinite number of g-difference equations 
type p.l7p . Indeed, multiplying (|1.17p by a polynomial x and taking into account (|1.7p . (jl.lip 
we obtain 

Hq{{hqX)^u)+{x^-^HqX)}u+{xB){x-\{hqU)) =0. (2.1) 

Put t = deg p = deg ^, r = deg B with d = max(t, r) and s = max{p — l,d — 2). Thus, there 
exists u — 7> h{u) C NU{— 1} from the set of g-Laguerre-Hahn forms into the subsets of NU{— 1}. 

Definition 2. The minimum element of h{u) will be called the class of u. When u is of class s, 
the sequence {Pn}n>o orthogonal with respect to u is said to be of class s. 
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Proposition 1. The number s is an integer positive or zero. In other words, if p = 0, then 
d>2orif0<d<l, then necessarily p > 1. 



Proof. Let us show that in case s 
Indeed, when s = — 1, we have 



= CiX + Co, ^'(x) 



-1, the form u is not regular, which is a contradiction. 



B{x) = bix + bo 



with ci = 1 or ci = and cq = 1, and where oq 7^ 0. 

The condition {Hq{^u) + 'ifu + B{x^^u{hqu)),x'^) = 0, < n < 4 gives successively 

ao + 61 = 0, 

(qbi - ci)(u)i + 60 - Co = 0, 
{q%-{l + q)ci){{u)2-{u)l) =0, 

{q\ -{l + q + g2)ci)(n)3 + { (l + g^)6o + g(l + q)bi{u)i - {l + q + g^)co}(n)2 
+ qboiu)l=0, 

{q\ - (1 + g)(l + (?')ci)(n)4 + {(1 + g')feo + q{l + q^)bi{u)i -{l + q){l + q^)co}iu)3 
+ qHiiu)l + q{l + q)boiu)i{u)2 = 0. (2.5) 

Suppose q'^bi - (1 + g)ci / 0. From ([231) 



(2.2) 
(2.3) 

(2.4) 



Ai 



1 



(^)l 

{u)2 



0. 



Co 



Contradiction. 

Suppose q^bi = (1 + q)ci = implies 61 = = ci implies (12. 2j) 6( 
(n)2 — (ti)i = 0, hence Ai = 0. Contradiction. 

Suppose q'^bi = (1 + q)ci / with ci = 1. From ([22]) and ([231), (123]), we have 

{u)i = q{co - bo), 

{u)3 = q{co - 2bo){u)2 + g^6o(co - 60)^, 
{u), = {u)l + q%l{u)2-q%l{co-bof. 

On the other hand, let us consider the Hankel determinant 



1. Thus (El 



(2.6) 



Ao 



1 (ti)i {u)2 

(n)i {u)2 {u)3 

{u)2 {u)3 (u)4 

With ^M), we get A2 = 0. Contradiction. 

Proposition 2. Let u be a strict q-Laguerre-Hahn form satisfying 



Hq{^iu) +'^lU + Bi(x ^Uhqu) 



0, 



and 



Hq{^2u) + 'i'2U + B2{X ^ukqU) = 0, 



(2.7) 



(2.8) 



where <I>i, ^i, Bi, $2, ^2; B2 are polynomials, ^i, ^2 monic and deg<I>j = tj, deg^j = pi, 
deg Bi = ri, di = max(ij, r^), Sj = max(pj — 1, — 2) /or z G {1,2}. Let $ = gcd(<I>i, $2)- Then, 
there exist two polynomials ^ and B such that 



Hqi^u) + + B[x~^uhqU) = 0, 



(2.9) 
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with 

s = max(p -l,d-2) = si-ti+t = S2 -t2 + t, (2.10) 
where t = deg ^, p = deg ^, r = deg B and d = max(t, r). 

Proof. With ^ = gcd(<I>i, ^2), there exist two co-prime polynomials <I>i, ^2 such that 

= $$1, $2 = ^$2- (2.11) 

Taking into account (jl.lip equations (|2.7p . (|2.8p become for i G {1)2} 

+ l^' + q~^H^-i^i]u + Bi(x-inV) = 0. (2.12) 

The operation {hq-1'^2) x (l2T2l -i) - (/i^-i^i) x (fZT2l -9) gives 

{(Vi52) (^1 + q-^^[H^-.li)) - (Vi^l) (^2 + q~^^[H^-^l2))]u 
+ {{hg-,^2)Bi - {h^-i^i)B2]{x~^uhqu) = 0. 

From the fact that u is a strict g-Laguerre-Hahn form and by virtue of Lemma [3] we get 

(Vl5l)('J'2 + r'^(i^g-i$2)) = (Vl52)(^l + g~'^(i^g-l$i)), 
(Vl5l)^2= (Vi^2)Sl. 

Thus, there exist two polynomials ^ and B such that 

^i+q~^^{Hg-i^i) = (Vi^i)^, ^2 + g~^^(^c-i52) = (Vi^2)*, 

Si = (Vi5i)^, S2 = (V^^2)S. (2.13) 

Then, formulas (|2.7p . ()2.8p become 

(/ig-i$i){i?g(«>n) + *n + B(x~^u/ign)} =0, ie{l,2}. (2.14) 

But the polynomials h^-i^i and /ig-i$2 ai'e also co-prime. Using the Bezout identity, there 
exist two polynomials Ai and A2 such that 

+^2(Vi^2) = 1. 

Consequently, the operation Ai x (l2Jl -i')-H^9 x (I2TII -9I leads to ([M]). With (f2lT]) and (f233D 
it is easy to prove ()2.10p . ■ 

Proposition 3. For any q-Laguerre-Hahn form u, the triplet (<I>, B) (<I> manic) which realizes 
the minimum of h{u) is unique. 

Proof. If si = S2 in ()2.9p . ()2.10p and si = S2 = s = mmh{u), then ti = t = t2- Consequently, 
= ^ = ^2, Bi = B = B2 and ^1 = = vlfg. ■ 

Then, it's necessary to give a criterion which allows us to simplify the class. For this, let us 
recall the following lemma: 
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Lemma 5. Consider u a regular form, ^ and B three polynomials, $ monic. For any zero c 
of ^, denoting 

$(x) = {x - c)^c{x), 

q^{x) + <^c{x) = (x - cq)^cq{x) + r^q, (2.15) 
qB{x) = {x- cq)Bcq{x) + h^q. 

The following statements are equivalent: 

Hqi^u) + '^u + B{x~^uhqu) = 0, 

Hq{(^cU) + ^cqU + Bcq{x~^uhqu) + rcq{x — Cq)~^U + bcq{x — Cq)"^ (^X^^ukqu) 

- {{U,^f,q) + {x-\hqU,B,q)}6cq = 0. (2.16) 

Proof. The proof is obtained straightforwardly by using the relations in (jl.2p and in (j2.ip . ■ 

Proposition 4. A regular form u q-Laguerre~Hahn satisfying (jl.l7|) is of class s if and only if 

n {iQihq^m + {Hq<^>)ic)\ + \qihqB)ic)\ 

+ I (u, qiOcq^) + {Ocq o e^'^) + g(/igu(eo « ^cg-B))) | } > 0, (2.17) 
where is the set of roots of ^. 

Proof. Let c be a root of <I>: ^{x) = {x — c)^cix)- On account of (|2.15|) we have 
rcq = q^{cq) + ^c{cq) = q{hq^){c) + {Hq^){c), b^q = qB{cq) = q{hqB){c), 

"fcqix) = q{ecq^){x) + (0cg$c)(x) = q{ecq^){x) + {O^q O 0,$)(x), 

B^q{x)=q{e,qB){x). 
Therefore, 

(-U, ^cq) + {x-^uhqU, B^q) = {u, g(0cg^) + {Ocq « 0^^)) + {uhqU, qOo O OcqB) 

= (n, g(0,,^) + {9,q o 0,^.)) + (n, q{hqu{eo o O.qB))) 

= {u, q{e,q^) + {e,q o 9,^) + q{hqu{eo o e,qB))). 

The condition (j2.17p is necessary. Let us suppose that c fulfils the conditions 

rcq = 0, b,q = 0, (n, g(0c5^) + {Ocq O 6^^) + q{hqU{eo O OcqB))) = 0. 

Then on account of Lemma [5] ()2.16p becomes 

Hqi^cU) + "ifcqU + Bcq{x-^uhqu) = 

with Sc = max(max(deg <&C5 deg i?cg) — 2,deg^'c — 1) < •5) what contradicts with s := min^(n). 

The condition (|2.17p is sufficient. Let us suppose u to be of class s < s. There exist three 
polynomials $ (monic) deg ^ = t, ^, deg ^ = p, B, deg B = r such that 

Hq(^u) + $n + B{x~^uhqu) = 

with s = max((i — 2,p— 1) where d := max(t,r). By Proposition [21 it exists a polynomial x such 
that 

cl> = x$, ^ = {hq-ix)^ -q~\Hg-ix)^, B = {hg-ix)B. 
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Since s < s hence degx > 1- Let c be a zero of x '■ xi^) = (x — cjXcix)- On account of (jl.lOp 
we have 

q'^ix) + ^c{x) = {x- cq){{hg-ixc){x)^{x) - q-\Hg-iXc){x)Hx)} . 
Thus Vcq = and bcq = 0. Moreover, with (jl.Sp we have 

{U, q{9cg^) + {9cg O ^e^) + q{hqU{9o O OcqB)) ) 

= (n, [hg-iXc)^ - q-\Hg~iXc)^ + ( V)^o(( ViXc)5)> 
= (n, (h^-iXc)^ - {Hg o /ig-ixc)$ + {hgu)eo{{hg-iXc)B)) 
= {^u, hg^iXc) + (Hgi^u), hg-iXc) + , h^-iXc) 

= {Hg{^u) + + B{x~^uhgu) ,hq-iXc) = 0. 

This is contradictory with (|2.17p . Consequently, 's = s, ^ = ^ = ^ and B = B. ■ 

Remark 2. When q — > 1 we recover again the criterion which ahows us to simphfy a usual 
Laguerre-Hahn form [6]. 

Remark 3. When i? = and s = 0, the form u is usually called q^-classical [16] . When B = Q 
and s = 1, the symmetrical g-semiclassical orthogonal g-polynomials of class one are exhaustively 
described in [H]. 

Proposition 5. Letu he a symmetrical q- Laguerre-Hahn form of class s satisfying (|1.17p . The 
following statements hold 

(i) If s is odd, then the polynomials ^ and B are odd and ^ is even, 
(ii) If s is even, then the polynomials $ and B are even and ^ is odd. 

Proof. Writing 

= ^{x) = ^'{x'^) +x^"{x'^), B{x) = B\x^)+xB°{x^), 

then (ll.lTp becomes 

Hg{^%x^)u) + x-^°{x^)u + [x-^uhgu) 

+ Hq{x^°{x'^)u) + + xB°{x^) {x-^uhgu) = 0. 

Denoting 

u;^ = Hg[^''[x'^)u) +x-^°[x^)u + B''[x^)[x'^uhgu), 

w° = Hg{x^°{x'^)u) +-^''{x^)u + xB°{x'^){x-^uhgu). (2.18) 

Then, 

w° + w'' = Q. (2.19) 
From (I2.19P we get 

(u;°)„ = -(u;^)„, n > 0. (2.20) 
From definitions in (|2.18p and (j2.20p we can write for ?i > 

(iy«)2„ = - [2n]gx2"-i$^(x2)) + {uhgU,X^''~^B%X^)), 
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{w°)2n+i = {u,x^''+'^%x^) - [2n + + {uhgU,x^''+'B°{x^)). (2.21) 

Now, with the fact that n is a symmetrical form then uhqU is also a symmetrical form. Indeed, 

2n+l 2n+l 

{uhgU)2n+l = ^ {hgU)k{u)2n+l-k = ^ q'' {u) k{u)2n+l-k 
k=0 k=0 

n n 

= X]^^''(")2fc(M)2(n-fc)+l +^q^''^^{u)2k+l{u)2{n-k) =0, n> 0. 

k=0 k=0 

Thus (f2:2T]) gives 

K)2n+1 = = K)2n, ^ > 0. (2.22) 

On account of ()2.19p and (j2.22p we deduce w'^ = w'^ = 0. Consequently u satisfies two q- 
difference equations 

Hq{^%x'^)u} + + B%x'^) [x'^uhqu] = 0, (2.23) 

and 

Hg{x^°{x'^)u} +'^%x'^)u + xB°{x'^){x-^uhgu} =0. (2.24) 

(i) If s = 2A; + 1, with s = max(d-2,p-l) we get d < 2A; + 3, p < 2A; + 2 then deg{x^° {x'^)) < 
2k + l, deg($'=(x2)) < 2A; + 2 and deg(5<=(x2)) < 2k + 2. So, in accordance with (l2:23]l . we obtain 
the contradiction s = 2A: + 1 < 2k. Necessary = = ^° = 0. 

(ii) If s = 2k, with s = m&x{d-2,p-l) we get d < 2k + 2, p < 2k + l then deg(^'''(3;2)) < 2k, 
deg(x$°(a;^)) < 2A; + 1 and deg{xB°{x'^)) < 2k + I. So, in accordance with (12.241) . we obtain 
the contradiction s = 2k <2k — 1. Necessary <I>° = B° = ^''^ = 0. Hence the desired result. ■ 

3 Different characterizations of g-Laguerre— Hahn forms 

One of the most important characterizations of the q'-Laguerre-Hahn forms is given in terms of 
a non homogeneous second order g-difference equation so called g-Riccati equation fulfilled by 
its formal Stieltjes series. See also [Gj El [lOl [15] for the usual case and [13] for the discrete one. 

Proposition 6. Let u be a regular form. The following statement are equivalents: 

(a) u belongs to the q-Laguerre~-Hahn class, satisfying (jl.l7p . 

(6) The Stieljes formal series S{u) satisfies the q-Riccati equation 

ihg^.^){z)Hg-i{S{u)){z) = B{z)S{u){z){hg-.S{u)){z) + C{z)S{u){z) + D{z), (3.1) 

where $ and B are polynomials defined in ()1.17p and 

C{z) = -{Hg-.^){z)-q^{z), 

D{z) = -{Hg-^{u6Q^){z) + qiue^m^) + q{uhgu){dlB){z)] . (3.2) 

Proof, (a) =r- ih). Suppose that (a) is satisfied, then there exist three polynomials <I> (monic), 
^' and B such that Hq{(^u) + '^u+B{x~^uhqu) = 0. From (|l.lip the above g-difference equation 
becomes 

{hq-l^){HqU) + {^ + q^\Hq-l<^)}u + B{x~^uhqU) = 0. 
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From definition of S{u) and the linearity of S we obtain 

S{{hg-i<^){Hgu)) (z) + Si^u){z) + q~^S{{Hg-i'^)u) (z) + S{B{x~\hgu)) (z) = 0. (3.3) 
Moreover, 

S{^u){z) '''' ^{z)Siu){z) + iuOo^Xz), 

q~'SiiHg-i<l>)u)iz) q-\Hg-i<l>)iz)Siu)iz) + (7-^^x^0(^,-1 '5)) (^), 

S{ihg-i^)iHgu))iz) (Vi^)(^)5(^9^)W + {iHgu)eo{hg-.<l>))iz) 

by pi ^-i(/,^_,$)(^)^^_,(s(n))(2) + {{Hgu)eo{hg-^^)){z), 
S{B{x-\hqu)){z) ™ B(z)5(x-^'u/igu))(z) + {{x~\hqu)eoB){z) 
by pSJ ^-i5(2)5(u/i^n))(z) + {{uhgu)e^B){z) 
by pi + {(uhgu)9lB){z) 

by pi + ((nV)^o^)(^), 

and 

(7x0o(^,-i^))(^) +g((^^5«)^o(V^^))(^) '''' ^ i?,-i(n0o^)(^). 
(|3.3p becomes 

(Vi'J')W^g-(^M)(^) = B{z)S{u){z){hg-.Siu)){z) - {Hg-i^ + q^){z)S{u){z) 

2; 



{Hg-i{ueo<l>) + quOo^ + q{uhqu)elB]{z). 



The previous relation gives (|3.ip with (|3.2p . 

(6) ^ (a). Let u ^V' regular with its formal Stieltjes series S{u) satisfying (jS.ip . Likewise 
as in the previous implication, formula p.ip leads to 

S{Hq{^u) - q~^{C + Hg-i^)u + B{x~^uhqu) } 

= q~^D - q~\9oC + {iuhgu)e^B) + {{Hgu)9o{hg-i^)), 

which implies 

S{Hg{^u) - q~^{C + Hg-i^)u + B{x~^uhgu)} =0, 

D{z) = {ue^C){z) - q{{uhgu){elB)){z) - q{(Hgu)eo{hg-.^)){z). 

According to (|3.2p and (|1.12p we deduce that 

Hq{^u) + -^u + B{x~^uhqu) = 0, 

with 

= -q-^{C + Hg-i^). (3.4) 



We are going to give the criterion which allows us to simplify the class of g-Laguerre-Hahn 
form in terms of the coefficients corresponding to the previous characterization. 
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Proposition 7. A regular form u q-Laguerre-Hahn satisfying ()3.ip is of class s if and only if 
n {\B{cq)\ + \Cicq)\ + \D{cq)\] > 0, (3.5) 

where is the set of roots of ^ with 

s = max(degi? — 2,degC — l,degD). (3.6) 
Proof. By comparing (j2.17p and (j3.5p . it is enough to prove the following equalities 

\C{cq)\ = \q{h,mc) + {H,^){c% 

\D{cq)\ = \{u,q{9,q^) + {9,^ o 9^^) + q{h^u{9o o 9cgB)))\. 

Indeed, on account of (|3.2p . the definition of the polynomial uf, the definition of the product 
form uv and (11.81) we have 



C{cq) = -{H^-i^){cq) - q^{cq) = -{Hg^){c) - q{hg^){c), 

and 

D{cq) = -{H^-i{u9o<^){cq) + q{u9o^){cq) + qiuhgu){eo^ B){cq)} 

= -{Hq{u9o^){c) + + {uhqU,q9oo9cqB)} 

= -{Hg{u9o^){c) + {u, qOcg^ + q{hqU{9o O 9cqB)))}. 

Moreover, 

Rq{uQQ^)[c) = = {U,— ) = {U,0cqo9c^). 

[q — l)c cq — c ' ^ ' 

Thus (j2.17p is equivalent to (j3.5p . To prove (j3.6p . according to the definition of the class we 
may write 

s = max(deg 5 - 2, deg ^> - 2, deg ^' - l) . (3.7) 

• If deg^* 7^ max (deg i? — l,deg<^ — l), on account of (j3.2p and (j3.7p we get the following 
implications 

deg B < deg <I> ^ | ^ < ^ ~^ ^' ^ max(deg B -2, deg C - 1, deg D) = s, 
degB > deg<^ =^ | ^^^^ ^ ^' ^ max(degi? - 2, degC - l,deg-D) = s. 

• If deg ^' = max(deg B — 1, deg $ — l) and deg B > deg $ then s + 1 = deg ^' = deg B — 1 > 
deg $ — 1. Consequently, max (deg B — 2, deg C — 1, deg = s. 

• If deg ^' = max(deg B — 1, deg $ — l) and deg B = deg $ then deg ^' = deg B — 1 = deg $ — 1 
which implies deg-B — 2 = s, degC — 1 < s, degD < s. Therefore max(degi3 — 2,degC — 
l,degL') = s. 

• If deg^ = max(degi? — l,deg<& — l) and degS < deg<I> then deg^ = deg<I> — 1 and 
s = deg^ — 1. Writing <I>(x) = x^'^^ + lower order terms, ^'(a;) = OpX^ + • • • + ao, by virtue 
of (j3.2p and (jl.3p . it is worth noting that C{z) = — ([p + l]g-i + QCLpjz^~^ + lower order terms 
and D{z) = —{[p]q-i + qap^z^~^ + lower order terms with [p + l]g-i ^ b]q-i assuming either 
degC = s or degD = s. Thus, max(degi? — 2,degC — l,degZ)) = s. 

Hence the desired result (13.61). ■ 
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An other important characterization of the g-Laguerre-Hahn forms is the structure relation. 
See also O [TH] for the usual case and [13] for the discrete one. 

Proposition 8. Let u be a regular form and {Pn}n>o be its MOPS. The following statements 
are equivalent: 

(i) u is a q-Laguerre-Hahn form satisfying (|1.17p . 

(ii) There exist an integer s > 0, two polynomials $ (monic), B with t = deg^> < s + 2, 
r = degB < s + 2 and a sequence of complex numbers {\n,v}n,u>Q such that 

n+d 

^x){HqPn+l){x) - hq{BPl,^^){x) = Xn,uPu{x) , n>S, A„,n_, / 0, (3.8) 

i'=n—s 

where d = max(t,r) and {-fn^^}„>o be the associated sequence of the first kind for the 
sequence {-Pn}n.>o- 

Proof, (z) =^ {ii). Beginning with the expression <^{x){HqPnJ^i){x) — hq{BPn^^{x) which is 
a polynomial of degree at most n -\- d. Then, there exists a sequence of complex numbers 

{Xn,p}n>Q,0<u<n+d SUch that 

n+d 

^{x){HqPn+i){x)-{hqB){x){hqP^^^){x) = Y,KMx), n>0. (3.9) 
Multiplying both sides of (j3.9p by Pm, < m < n + d and applying u we get 

{u,^Pm{HgPn+l)) - {hgU,B{hq-iPra){ueoPn+l)) = A 

n,m{'U} Pm) 1 

n>0, 0<m<n + d. (3.10) 

On the other hand, applying Hg{^u) + + B{x~^uhqu) = to Pn+i{hg-iPm), on account of 
the definitions, (jl.lOp and (jl.Sp we obtain 

= {Hq{<^u) + ^U + B{x-\hqu),Pn+l{hg-lPm)) 

= {u,^Pn+l{hq-lP^) - <l>Hg{Pn+l{hg-iP^))) + {hgU,ueo{BPn+l{hg-iPm))) 
= (n, {^(hg-lP^) - q~^^{Hg-iPm)}Pn+l - ^Pm{HqPn+l)) 
+ {hqU,UeQ{BPn+l{hg~lPm))). 

Thus, for n > 0, < m < n + (i 

{u,^Pm{HqPn+l)) = {u, {^{h^-iP^) - q-^^{Hq^iPm)} Pn+l) 

+ {hgU,ueo{BPn+l{hq^lP„^))). (3.11) 

Using ([31^ . (f3lH) to eliminate (n, ^Pm{HgPn+i)) we get for n > 0, < m < n + d 
(tx, {^(Vi^m) - q-^HHg-iP^)}Pn+i) 

+ {hgU,ueo{BPn+l{hg-iP,n)) - ihg^iPm)B{ueoPn+l)) = \n,rn{u,Pl). (3.12) 

Moreover, by virtue of (jl.Sp we have B{u9oPn+i) = u9Q{BPn+i), n > s. Therefore, taking into 
account (jl.4p and definitions, (|3.12p yields for n > s, < m < n + d 

{u,{^{hg-^Pm) - q~^HHg-^Pra) + B{{hqU)eo{hg-iP^))]Pn+l) = \n,m{u,Pl) 



An Introduction to the g-Laguerre-Hahn Orthogonal q-Polynomials 



13 



with 

deg{^(Vi^m) - q-^^{H^-,P^) + B{{h,u)eo{hg^iPm))] <m + s + l. 

Consequently, the orthogonality of {Pn\n>Q with respect to u gives 

A„,m = 0, 0<?n<n-s-l, n>s + l, An,n-s / 0. 

Hence the desired result (j3.8p . 

{a) =^ (i). Let V be the form defined by 

V := Hq{^u) + B{x ^uhqu) + ^ajX* n 

with aj G C, < i < s + 1. From definitions and the hypothesis of {ii) we may write successively 

s+l 

{v,Pn+i) = {Hg{<i>u) + B{x-\hgu),Pn+i) + {u,Pn+i^aix') 

i=0 

s+l 

= -{u,^HqPn+l) - {hgU)eo{BPn+l)) + (u, ^ OiX^) 

1=0 

n+d s+l 

= ~(^' + (n, ^ OiX*) 

^=71— s i=0 
n+d s+l 

= - ^ An,i.(u,P,,) +^ai('u,x*P„+i), n > s. 

From assumption of orthogonality of {Pn\n>o with respect to u we get 

(t;,P„) = 0, n>s + 2. 

In order to get (f , Pn) = 0, for any n > 0, we shall choose Oj with i = 0, 1, . . . , s + 1, such that 
(■y, Pj) = 0, for i = 0, 1, . . . , s + 1. These coefficients are determined in a unique way. Thus, 

s+l 

we have deduced the existence of polynomial ^[x) = ^ ajX* such that {v,Pn) = 0, for any 

1=0 

n > 0. This leads to Hq{^u) + '^u + B{x~^uhqu) = and the point (i) is then proved. ■ 

4 Applications 

4.1 The co-recursive of a q-Laguerre— Hahn form 

Let fj, he a complex number, u a regular form and {Pn}n>o be its corresponding MOPS sa- 
tisfying (jl.ip . We define the co-recursive {-Pn''}„>Q of {Pn}n>o as the family of monic polyno- 
mials satisfying the following three-term recurrence relation [2U\ Definition 4.2] 

Pt\x) = l, pM(x) = x-/3o-M, 

pI%{x) = {x- /3„+i)p[^i(x) - in+iPkH^), n > 0. 

Denoting by u'^' its corresponding regular form. It is well known that j20l equation (4.14)] 

= u[5 - nx~^u)~^. 
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Proposition 9. If u is a q-Laguerre-Hahn form of class s, then u^^'^ is a q-Laguerre-Hahn form 
of the same class s. 

Proof. The relation linking S{u) and S{u^^'^) is [201 equation (4.15)] S{u^^'^) = j^^^^ or 
equivalently 



From definitions and by virtue of (j4.ip we have 

hg-iS{u) 

and 



(fe^-i5(nM))(^) ^ S{uM){z) 

(i/,-iS(n))(z) = ^ (g-i _ 



(1 - MVi5(^t^l))(^)) (1 - ' 
Replacing the above results in p.ip the (^-Riccati equation becomes 

/^q-i5(nM) 

l-^5(nM) l-^fVi5(uM) l-/iS(nM) 

Equivalently 

(/iq-i$)i7g-i5(nM) = + (:75(uM)(l - /i/ig-iS(nM)) 

+ D{1 - ^/ig-i5(nM)) (1 - 

Therefore the g-Riccati equation satisfied by ^(nt^l) 

(/ig-i$[^])Fg-iS(nM) = sM5(nM)/ig-iS(nM) + C[^]5(nM) + D^, (4.2) 

where 

E:$M(x) = $(3;) + ^(1 - q)x{hgD){x), KB^^'\x) = B{x) - fiC{x) + fi^D{x), 

Kd^\x) = C{x)-2i^iD{x), KD^^'\x) = D{x), (4.3) 

the non zero constant K is chosen such that the polynomial <I>[^] is monic. u'^l is then a q- 
Laguerre-Hahn form. 

On account of ([32]), and (|13D we get 

K^M = ^ + ^{q~^D + hgD) . (4.4) 
As a consequence, the regular form nl^l fulfils the following (^-difference equation 

//^(^M^M) + ^M^,M + ^[^(a;-!^!^]/!^^!^]) = 0. (4.5) 

We suppose that the (7-Riccati equation (|3.ip of u is irreducible of class s. With respect to the 
class, we use the result (|3.5p of Proposition [7] and get for every zero c of $^^1: 
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• If D{cq) ^ 0, then D^'^^{cq) = K ^D{cq) ^ and equation (|4.2p is not reducible. 

• We suppose that D{cq) = 0. From the fact that $['^l(c) = 0, the first relation in (j4.3p 
leads to ^(c) = and the third equality in (|4.3|) gives CM(cg) = K-^C{cq). 

If C{cq) 0, then the equation (j4.2p is still not reducible. If C{cq) = = D{cq), then 
sM(cg) = K~^B{cq) ^ since u is of class s. We conclude that 

|sM(cg)| + \C^''\cq)\ + |2?[''l(c9)| > 0. 

Consequently, the class s''^' of u''*] is given by s''^' = max(deg S''^' — 2,degC[^] — l,deg-D[^]). 
Accordingly to the last equality in (|4.3p and (j3.6p we get s'^^J = max (degSM - 2,degCM - 1, 
degl)). A discussion on the degree leads to st^^ = s. ■ 

Example 1. Let uhe a g-classical form satisfying the g-analog of the distributional equation 
of Pearson type 

Hq{(t)u) + i)u = {), (4.6) 

where is a monic polynomial of degree at most two and ip a polynomial of degree one, the co- 
recursive n''^' of is a g'-Laguerre-Hahn form of class zero, n^'^l and the Stieltjes function S{u^^'^) 
satisfy, respectively, the g-difference equation ()4.5p and the (^-Riccati equation (|4.2p where on 
account of (jl3D, (03]) 

K^^^^\x) = + |0'(O) + - 1) + #'(0)) I X + m, 

KSM(x) = ^ I ((g-^ + 1) ^ + <?^'(0)) X + 0'(O) + qm " + '?V^'(0)) /u| , 

i^CrM(x) = - (^qij'iO) + (g-i + 1)^) X - <^'(0) - #(0) + 2^ + #'(0)) , 

i^I)M(x) = -^^-#'(0). 



4.2 The associated of a q-Laguerre-Hahn form 

Let n be a regular form and {Pn}n>o its corresponding MOPS satisfying (jl.ip . The associated 

l'n>0 



sequence of the first kind {Pn^}^^^ of {P„} n>o satisfies the following three-term recurrence 



relation [20] 

Pi'Hx) = l, P«(x) = x-/3i, 

Pi'U^) = {X- f3r,+2)Pi%{x) - ln+2PP{x), n > 0. 

Denoting by n*^^^ its corresponding regular form. 

Proposition 10. If u is a q-Laguerre~Hahn form of class s, then u^^^^ is a q-Laguerre-Hahn 
form of the same class s. 

Proof. We assume that the formal Stieltjes function S{u) of u satisfies (jS.ip . The relationship 
between ^(n^^)) and S{u) is [20l equation (4.7)] 

7i5(..«)(z) = -— 1— -(z-/3o). 
S{u){z) 
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Consequently, 

-fiS[u(^)){z) + {z- Po) 
From definitions and by virtue of (j4.7p we have 

h^i{S{u)){z) = — . , „i -r 

-fihg-i{S{u^^>)){z)+q ^z- f3o 

and 

J^H^-^iSiuW)){z) + l 



H^-r{S{u)){z) 



' ' ' {^i\-i{S{u('))){z) + q~^z-l3o){^iSiu(^))iz) + z-f5o)' 
Substituting in ()3.ip the g-Riccati equation becomes 

{K-i<^>)iz) 



7ii?,-i(5(nW))(z) + l 



{^ih^-i{S{uW)){z) + q-^z - /3o) (7i5(7x(i))(z) + z - /3o) 

B{z) 

(71 V^(*^(^^'^))(^) + 5''^ - /3o) (7iS(n(i))(z) + 2 - /3o) 
C(z) 



{j,S{uW){z) + z - (3o) 

Equivalently 



+ D{z) 



7i{(Vi^)(^) + - - - /3o)I?(^))}^,-i(5(t^(')))(^) 

= ^fD{z)Siu^'^)iz)h^-.{SiuW))(z)+^,{((q-^ + 1)^ - 2l3o)Diz) - 

+ + {q-^z - /3o)(z - f3o)D{z) - {q-h - f3o)C{z) - {h^~i^){z). 

Therefore the g-Riccati equation satisfied by S{u^^^) 

{hg-i<^^'^)H^-iS{u^'^) = Vi5(n«) + + Z)«, (4.8) 

where 

= ^{x) + {q- l)x{{qx - f3o){hgD){x) - {hgC){x)}, 
KB^^\x) = jiD{x), KC^^\x) = 7i{((r' + l)x - 2^o)D{x) - C{x)}, 
KD^^\x) = B{x) + {q-^x - /3o)(x - ^o)D{x) - {q-^x - Po)C{x) - (Vi^)(^)- (4-9) 

u'^^^ is then a g-Laguerre~Hahn form. 

Moreover, the regular form u^^^ fulfils the g-difference equation 

//g($«n«) + ^«n« + V^i)) = 0, (4.10) 

with 

^r(i) = _g-i(C7{i) + i/^_,$(i)). (4.11) 

Likewise, it is straightforward to prove that the class of u^^^ is also s. ■ 
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Example 2. If n is a g-classical form satisfying the g-analog of the distributional equation of 
Pearson type (|4.6|) then the associated u^^^ of u is a q'-Laguerre-Hahn form of class zero, u^^^ and 
the formal Stieltjes function S{u^^'^) satisfy, respectively, the g-difference equation (|4.10p and 
the g-Riccati equation (|4.8p where on account of (j4.9p and (j4.1ip 

= q^x' + |g^'(0) + iq-l) (#(0) + /3o + #'(0)) ) } x + <^(0), 

K^m{x) = -q-' l{q + 1)^ - Vy(0))x + (q + 1)4>'{0) 



+ q'm + {q'-q + 2) + ^^^'(0)) ^^o 

KC^^^x) = 71 {-V''(0)x + /3o(</."(0) + 2#'(0)) + qip{0) + <^'(0)} , 
E:Z)(i)(x) = ^(/3o)x - 0(/3o) - g/3oV(/3o). 

4.3 The inverse of a qr-Laguerre— Hahn form 

Let n be a regular form and {Pn}n>Q its corresponding MOPS satisfying (jl.ip . Let {-fn'^^}„>o 
be its associated sequence of the first kind fulfilling ()4.6p and orthogonal with respect to the 
regular form u^^\ The inverse form of u satisfies |20^ equation (5.27)] 

= -7iu(^\ (4.12) 

The following results can be found in [2] 

= 6 - {u~^) / - -fix-^u^^l (4.13) 

In general, the form given by (I4.13P is regular if and only if A„ 7^ 0, n > 0, with 

where {-fn^^}„>o is the associated sequence of {Pi^^j^^Q. In this case, the orthogonal sequence 
{Pn ^}„>o relative to is given by 

Pt\x) = h Pi-\x) = Pl'\x) + bo, 
PnM^) = PnU^) + bn+iPi'Ux) + a„p(i)(x), n > 0, 
where 

6o = /3i- (n-^)i, 

, . ((n-^)iPi^^(O) - 7i^fJi(0)) ((^-^)iPr+\(0) - 7i^i'^(0)) 

On+l = Pn+2 T , > U, 

On = — r — , n > 0. 
Also, the sequence {P^ ^}„>o satisfies the three-term recurrence relation 

Pt\x) = l, Pt\x) = X - /3^~\ 
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Pi^lix) = {x- /3i+\)Pi;i(x) - 7i;\^i-^(x), n > 0, 

with 

Pi^ = {u~')v Pi~+1= Pn+2 + bn-bn+l, U > 0, 

(-) A (-) ^1 (-) ^n+2A„ 

7i =-Ao, 72 =7i7r2' 7n+3 = — r2 7n+2, n>0. 

In particular, when 71 > and u^^^ is positive definite, then is regular. When u^^^ is 
symmetrical, then is a symmetrical regular form and we have 

a2n = 7 — r72n+2, a2n+l = 72n+3, ^ > 0, (4.14) 

7l^n-l + 1 

(-) (-) (-) 72n+272n+3 ^ i c;^ 

7l =-7l, 72n+2 = a2n, 72n+3 = ' ^ > (4-15) 

a2n 



with 



A_i = 0, A„ = V ' '^^0' ^0 = 1- (4-16) 

V ,_n 72fc+2 / 



Proposition 11. If u is a q-Laguerre-Hahn form of class s, then, when u ^ is regular, u ^ is 
a q-Laguerre-Hahn form of class at most s + 2. 

Proof. Let u be a g-Laguerre-Hahn form of class s satisfying (jl.lTp . It is seen in Proposition [TOl 
that u^^^ is also a g-Laguerre-Hahn form of class s satisfying the g-difference equation (j4.10p 
with polynomials B^^^ respecting (|49l) and (14. lip . 

Let us suppose u^^ is regular that is to say A„ 7^ 0, n > 0. Multiplying ()4.10p by (—71) and 
on account of (I4.12p and (jl.7p . the g-difference equation (j4.10p becomes 

Hg{xH^^\x)u~')+xH^'\x)u~' -q~^-/^^B^^^{x~^{x\~'){x^hgU~^)) =0. 

Consequently, the form satisfies the following g-difference equation 

Hq{^^~^U^^) +*(")u^l +5(-)(x~^M"^/lqU-l) =0, (4.17) 

with 

K^^-\x) = x2{$W(x) + (1 - qh^^x{qx - /3o){hgB^^^){x)} , 

i^*(-)(x) =x|(g-i + l)((Vi«>W)(a;) -g-i<5(i)(x)) - q~^x{Hg-i^^^'^){x) 

+ 7f^x((2g-i (l + 2g-2 -g-3)/3o)5W(x) 

- _ l)^-^x{qx - /3o){h,B^'^){x) 

- q-^x\l - qh^\qx - (3o){H,bW){x) - xC^'\x)], (4.18) 

KB^-\x) = -j^^q-^x^B^^Hx). U 

Example 3. Let y{b,q'^) be the form of Brenke type which is symmetrical (7-semiclassical of 
class one such that [HI equation (3.22), q ^ q'^] 

Hg{xy{b,q^)) -{b{q-l))-\q-^x^ + b-l)y{b,q^) =0 (4.19) 
for g G C, 6 7^ 0, 6 / g, 6 / g-^", n>0 and its MOPS {Pn}n>o satisfying ([TI]) with [7] 



An Introduction to the g-Laguerre-Hahn Orthogonal q-Polynomials 



19 



72n+i = ^'"+'(1 - 6^'"), 72n+2 = bq^^^^ {l - q^^^^) , n > 0. (4.20) 

Denoting 3^^^^ (6, cf') its associated form and (6, cf') its inverse one. Taking into account (j4.19p 
we have 

$(x)=x, ■^{x) = -{b{q-l))-^{q-^x^ + b-l), B{x)=0. (4.21) 

Also, by virtue of ([32]) and K2Th we get 

Cix) = (biq - l)r\-'x^ + q{q - - b'^) - 1, D{x) = {bq{q - l))-^x. (4.22) 

According to Proposition [TU] the form 3''-^^(6, g^) is g-Laguerre-Hahn of class one satisfying the 
(^-difference equation (|4.10p and its formal Stieltjes function satisfies the g-Riccati equation (|4.8p 
where on account of (O0]l - ([i:22]) we obtain for ([33]), diTT]) 

K^^^\x) = b-^x, 

K^W(^x) = -q-\b{q - l))-^x^ + q{q - - b'^) - {qb)'^ - 1, 

KB^^\x) = (6~^ - l)q{q - l)~^x, 

KC^^\x) = q-^{b{q - l))-^x^ + I - q{q - l)-^(l - b'^) , 

KD^^\x)=q~^{b{q-l)y^x. (4.23) 

On the one hand, y^^\b,q^) is a symmetrical regular form, then 3^ ^(6, q'^) is also a symmetrical 
regular form and we have for ()4.14p - (j4.16p according to (j4.20p 

Tsn+S-'Z (i ''^ ) l + q\l-b)An ' - ' 

with (7| 

n 

(a;g)o = l, (a;g)„ = JJ (1 -ag^"^), ?i > 1. 

it=i 

On the other hand, according to Proposition [11] ()4.18p and ()4.23p . the inverse form y~^{b,q'^) 
is symmetrical g-Laguerre-Hahn satisfying the g-difference equation ()4.17p where 

K$(-)(x) = b-^x^{l - qx^), 

K'^i-^x) = b-^{q - l)-^x^{b -q- q-^{q - 1) + (-2^"^ + 2q-^ + q'^ - q~^ + q)x'^), 
KB^-\x) = -b~\~^{q - l)~^x\ 

Thus, according to (j2.17p it is possible to simplify by x one time uniquely. Consequently, 
by virtue of (j2.16p the inverse form y~^{b,q'^) is g-Laguerre-Hahn of class two fulfilling the 
g-difference equation 

Hg{x^{x' - q'')y-'{b, q^)) - g'^xjl + q{q - l)-\b - q - q-\q - 1)) 
+ - 1)"' (-2g~' + 2g"3 + _ ^-i + ^) _ q)x^]y-^ (6, 
+ q~\q - 1)"'^' {x^^y-^ {b, q^) hqy~^ (6, g2) ) = Q. 
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